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Transient temperature profiles for long rods of lossy dielectric materials with 
thermally-dependent dielectric properties exposed to uniform plane waves are ob- 
tained. Maxwell’s equations and the heat equation are simultaneously solved using 
the finite element method to predict the power absorbed and the resulting temperature 
rise in samples of square and circular cross-section. Following the method introduced 
recently, we derive an exact radiation boundary condition which is independent of 
the rod cross-section. For a cylindrical sample, the boundary condition is imposed 
on the cylinder itself. For a square rod, the boundary condition is imposed on a 
cylinder containing the rod. The temperature dependence of dielectric properties 
and sample dimensions appreciably influence heating patterns. For square samples, 
the edges focus radiation, causing preferential heating at the edges. This effect is 
pronounced for larger samples. In addition, the incident wave polarization influences 
the heating of the rod. For waves where the electric field is polarized along the long 
axis of the sample ( TMz polarization) the power absorbed is higher than when the 
electric field is perpendicular to the axis ( TE polarization 1. A case involving 
runaway heating is also investigated. 

Introduction 
The use of microwaves as a source of thermal energy is 

rapidly growing. The food industry is the largest consumer of 
microwave energy. Microwaves are used in ceramic processing 
for drying and sintering (Chabinsky, 1988) and in the polymer 
industry to cure epoxy resins (Jow et al., 1988; Le Van et al., 
1987). It is also employed in the drying of paper, forest prod- 
ucts and textiles (Chabinsky, 1988). 

As a result of dielectric losses, microwave absorption pro- 
vides a volumetrically-distributed heat source. The temperature 
distribution in a substance subjected to microwave radiation 
is thus governed by the interaction and absorption of radiation 
by the medium and the accompanying transport processes due 
to the dissipation of electrical energy into heat. To model 
transient temperature distributions the absorbed microwave 
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power is deduced by solving Maxwell’s equations and is in- 
corporated as a source term in the transient heat equation. If 
the material’s thermal and dielectric properties are constant, 
the problem is linear and Maxwell’s equations can be solved 
independent of the heat equation. Scattering and absorption 
of plane electromagnetic waves by 2- and 3-D objects with 
constant dielectric properties have received considerable at- 
tention. Scattering is concerned with the field distribution ex- 
ternal to the sample, and absorption is concerned with the field 
within the object. However, most analysis of scattering in- 
volves deducing the field distribution within the object as well. 
In either case, computing electric fields involves solving Max- 
well’s equations in an unbounded domain. The techniques can 
be broadly classified into methods using either an integral or 
differential formulation of Maxwell’s equations (Speigel, 1984). 
The integral equation formulations are popular, since the be- 
havior of the far field is built into the formulation (Richmond, 
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1964). Integral formulations, however, result in dense matrices. 
In the differential formulations, considerable attention has 
been given to the manner in which the domain around the 
sample is truncated and the nature of the boundary condition 
imposed. These boundary conditions are commonly referred 
to as either absorbing or radiation boundary conditions (RBC) 
and are imposed on a synthetic boundary surrounding the 
sample. Differential forms of Maxwell’s equations are solved 
either in the time or in the frequency domain. In the latter 
method, the time derivatives are eliminated by assuming that 
the field variables have a frequency dependence of either erw‘ 
or e-Iwr (Balanis, 1989). 

RBCs have been discussed by Keller and Givoli (1 989), Mittra 
et al. (1989), D’Angelo and Mayergoyz (1989), and Blaschak 
and Kriegsmann (1988). The boundary condition derived by 
Keller and Givoli (1989) is exact, but global in nature, as it 
involves evaluating an integral over the boundary of the sam- 
ple. They have indicated the accuracy of the exact RBC by 
comparing it with other approximate local RBCs. The primary 
advantage of the exact RBC is that the accuracy of the solution 
does not depend on the proximity of the synthetic boundary 
to the sample. A similar approach has been used by Pearson 
et al. (1989) to derive an exact RBC. Here, the RBC is compared 
to the approximate Bayliss and Turkel RBC, and the latter is 
seen to perform to within 3% of the exact RBC. Marin (1982) 
derives an exact global RBC which involves solving an integral 
equation on the synthetic boundary. 

Analytic formulations for the scattering of plane waves from 
dielectric cylinders have been studied by Bussey and Richmond 
(1975) and Chang and Mei (1976). A finite element formulation 
for scattering from inhomogeneous dielectric cylinders was 
developed by Peterson and Castillo (1989) where the approx- 
imate radiation condition developed by Bayliss and Turkel 
(1980) is employed. Britt (1989) uses a finite difference time 
domain analysis, while Cangellaris (1987) uses a time domain 
finite element formulation for scattering in 2D. Frequency 
domain analysis for electromagnetic scattering has been re- 
viewed by Glisson (1989). 

Absorption of electromagnetic energy in multilayered cyl- 
inders was studied analytically by Massoudi et al. (1979) and 
Ruppin (1979). Analytic electric field distributions in cylinders 
of finite length exposed to an aperture source have been ob- 
tained by Wait (1987). Lynch et al. (1985) and Lee and Madsen 
(1990) use frequency and time domain methods to deduce 
electric field intensities with finite efements in 2-D objects with 
a uniform electric field (Dirichlet boundary condition) at the 
boundary. Using a hybrid finite element/boundary element 
method, Lynch et al. (1986) and Paulsen et al. (1986) obtained 
electric field distributions in lossy dielectrics to investigate heat 
effects of cancer therapy. Finite difference time domain meth- 
ods to determine field distributions have been used by Yee 
(1966), Taflove (1980), Taflove and Brodwin (1975), and Den- 
nis et al. (1987, 1988). An integral equation approach for 
electromagnetic fields induced inside arbitrarily shaped bodies 
has been studied by Livesay and Chen (1974). Time domain 
finite difference solutions for 2-D absorption have been com- 
pared with integral equation formulations by Borup et al. 
(1987). 

Analysis of microwave heating in materials with constant 
material properties by solving the heat conduction equation 
with the microwave energy deduced from Maxwell’s equations 

has been used by Nachman and Turgeon (1984) and Taflove 
and Brodwin (1975). The former investigate temperature pat- 
terns in multilayered media on a reflecting support, and in the 
latter temperature distributions in the human eye are obtained. 

Dielectric properties of most materials vary with tempera- 
ture. As a consequence, the deposition of microwave energy 
is a function of the spatially varying dielectric constant in the 
medium. Temperature dependence of the properties results in 
a coupled nonlinear problem, and so Maxwell’s equations must 
be solved simultaneously with the heat equation to predict the 
thermal response of the object. Foods at frequencies between 
400-900 MHz show strong temperature-sensitive dielectric be- 
havior, but the variation is less pronounced at 2,800 MHz 
(Ohlsson and Bengtsson, 1975). During drying, dielectric prop- 
erties vary spatially within the sample primarily due to the 
variation in moisture content (Wei et al., 1985). Changes in 
dielectric properties alter the penetration of radiation during 
heating, and a sharp increase in the dielectric loss with tem- 
perature can lead to runaway conditions (Ayappa et al., 1991). 
Microwave heating in 1D using Maxwell’s equations to deter- 
mine the power absorption in materials with temperature-de- 
pendent properties has been modeled by De Wagter (1984), 
Ayappa et a1. (1991), Jolly and Turner (1990), and Smyth 
(1990). 

The electromagnetics literature on 2- and 3-D models focuses 
on the scattered and/or the absorbed microwave field for ma- 
terials with constant dielectric properties. In microwave heating 
applications, in addition to the absorbed field, the resulting 
temperature distribution is of interest. Sample geometry and 
size influence the amount of adsorbed power and alter the 
heating. Edges and corners are known to focus power and heat 
up rapidly. Risman et al. (1987) have observed pronounced 
edge heating in experiments conducted in domestic microwave 
ovens. Microwave power was observed to concentrate 1 to 2 
cm from the incident face and around the top periphery of the 
sample. The phenomenon was observed for any large sample 
size. In addition to the frequency of radiation and thermal 
dependence of material properties, the polarization of the in- 
cident radiation or equivalently the orientation of the sample 
effects the absorbed power (Gandhi, 1975). These effects are 
important when designing products to be processed with mi- 
crowaves and can be studied in models of microwave heating 
in 2 and 3 dimensions. 

To understand these various effects on the heating of samples 
by microwaves, we have developed a 2-D finite element model 
to predict the temperature rise in rod-like samples exposed to 
a plane wave. The power absorbed by the object and temper- 
ature distributions are obtained by simultaneously solving 
Maxwell’s equations in the frequency domain with the transient 
heat equation. Dielectric properties are assumed to be tem- 
perature-dependent, and the heating of rods with circular and 
square cross-section are compared. Influence of the sample 
size and incident wave polarizations on absorbed power and 
temperature patterns are illustrated. The incident wave is TMz- 
polarized when the electric field is polarized along the axis of 
the rod and TE * when the electric field is perpendicular to the 
axis. The exact RBC as derived by Keller and Givoli is extended 
to incorporate the incident field. For cylindrical samples, this 
boundary condition is imposed on the surface of the cylinder; 
for the square rod, the synthetic boundary is a cylinder en- 
closing the object. 
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Wave Propagation 
The basic equations governing the electric and magnetic field 

vectors in the sample are derived from the Maxwell curl re- 
lations and the governing equations, and boundary conditions 
for the two different polarizations are discussed. A propagating 
electromagnetic wave is composed of oscillating electric (E) 
and magnetic (H) field components. Maxwell’s equations de- 
scribing their space and time dependence are (in rationalized 
mks units): 

where 

aB aD 
V x E = - -  and v x H = J + - ,  (1) at at 

where E and H are the electric and magnetic fields, J the  current 
flux, D electric displacement, and B magnetic induction. The 
constitutive relations relating J ,  D and B to E and Hare :  

J=u(w)E( t )  D = E ( w ) E ( T )  and B = p ( w ) H ( t ) ,  ( 2 )  

where E=Ee-iw‘ and H=He-jwt. Alternatively dwt can be used 
to express the time dependence. Equations 1 and 2 yield: 

and 

where the “complex dielectric constant” E’ is defined as: 

i u ( w )  
€ * ( W )  = E(W) +- 

W 

=E’ (o)  +iE” (w) .  ( 5 )  

The materials ability to store electrical energy is represented 
by E ’  =Re(€’), and E ”  =Zm(E*) accounts for losses through 
energy dissipation. The conductivity, u(w), dielectric constant, 
~ ( w ) ,  and magnetic permeability, p(w), are complex functions 
of the frequency w of the radiation. These individual contri- 
butions must be measured or predicted by a suitable theory. 
For most materials used in microwave heating applications, 
the magnetic permeability p(w) is well approximated by its value 
po in free space. In what follows, we assume this to be true. 
Taking the divergence of Eqs. 3 and 4, the relations 

are obtained. The material properties are temperature-depen- 
dent, and so u and E in Eq. 2 are implicit functions of time. 
Since the time scale of electromagnetic propagation is signif- 
icantly smaller than the time scales for thermal diffusion, an 
order of magnitude analysis indicates that the terms involving 
the time derivatives of u and E are very small and can be 
neglected. With this assumption, and the condition of elec- 
troneutrality of the materials considered [which implies 
V . ( E * E ) = O ] ,  Eqs. 3 and 4 can be combined to find: 

(7) 

WZ 
k z Z - 3  ( K ’ + i K ” ) .  

1. 

The relative dielectric constant K ’  and the relative dielectric 
loss K ” ,  are: 

K ’ = E ’ / E ~  and K ~ = E ” / E ~ ,  (9) 

and c= 1 / 6  where c is the speed of light. To derive an 
equation for the magnetic field H, Eqs. 3 and 4 can be com- 
bined to find: 

v 2 H  + A?%-- iw v E * x E = 0. (10) 

The last term in the lefthand side of Eq. 10 is due to the spatial 
variation of E* because of the temperature dependence of the 
dielectric properties. To simplify notation, the overbar on E 
and will be dropped from this point on. The propagation 
constant k can be represented as a complex quantity: 

k = a + ip, (1 1) 
where a and /3 are related to the dielectric properties of the 
medium and frequency of radiation by: 

and 

where 

K “  
tan6 = 7. (14) 

K 

In Eqs. 12 and 13 we have replaced w by 2 ~ f ,  where f is the 
frequency of radiation. The phase constant a represents the 
change of phase of the propagating wave and is related to the 
wavelength of radiation in the medium (A,) by: 

27r 
A,=- 

a’ 

which in free space reduces to A,, = c/f. The attenuation con- 
stant 0 controls the rate at which the incident field intensity 
Eo decays into a sample. For instance, in a semi-infinite sample 
the interior field obeys the equation: 

Thus, for higher frequencies, /3 increases and the penetration 
of microwaves into the sample decreases. The quantity f l - ’  is 
known as the characteristic penetration depth, that is, the 
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Figure 1 .  Sample exposed to plane waves. 

distance at which the field intensity decreases to l /e  of its 
incident value. With a knowledge of the electric field distri- 
bution in the medium the local power dissipated in the medium 
is: 

(17) 
1 
2 

p ( r )  = - W E ~ K  “ E .  E * ,  

where E* is the complex conjugate of E.  
The boundary conditions relating the electric and magnetic 

components at the interface between two media 1 and 2 for a 
lossy dielectric are: 

where n is the unit outward normal. These boundary conditions 
assume that there are no sources, that is, charges at the interface 
between the two medium. Equations 18a and 18c imply that 
the normal components of the electric and magnetic fields are 
discontinuous across the interface. Equations 18b and 18d 
indicate that the tangential components are continuous across 
the interface. 

TM polarization 
Consider the rod with arbitrary cross-section shown in Figure 

1. Here, the electric field of the incident wave is polarized 
along the long axis of the rod. A cylinder of radius R encloses 
the sample and is denoted by rz. The region 0, bounded by 
the surfaces TI and rz denotes free space. If Q, denotes the 
sample, then Q = Ql + Q, is the entire domain. Since the sample 
is infinite in the z direction, for the (TE‘) case the field com- 
ponent E, varies in the r - 4  plane only. Equation 7 for the 
electric field in Q is: 

where 

1580 

The boundary conditions (Eqs. 18b and 18d) imply that the z 
components of the electric field E, and the 4 components of 
the magnetic field (H6) are continuous. Using Eq. 3 to relate 
H+ to E,, these boundary conditions are: 

A radiation boundary condition is used on rz and will be 
derived later. Using the dimensionless variables: 

Equation 19 reduces to: 

where 

If EkI= Ef,+ iEi,,, then equating the real and imaginary com- 
ponents of Eq. 19 we get: 

where $8 = R’w’K,’ /c2 and d= R’w’K,’’ /c2. The boundary con- 
dition (Eq. 20) for the real and imaginary components are: 

The power absorbed by the sample from Eq. 17 is: 

(27) 
1 
2 

pl(r,4)=- w ~ ~ K ’ ’ E ~ [ E ~ ~ ~ + E ~ , ~ ~ ]  

TE‘ polarization 
Here the magnetic field is oriented along the long axis of 

the rod. For the TEz the electric field vector has two com- 
ponents, Ep and E,, in the sample. However, the magnetic 
field has only the HZ(p,4) component. Hence, it is simpler to 
solve for the magnetic field and deduce the electric field com- 
ponents using Eq. 4. Since material properties vary only in the 
p - 4 plane and the electric field has no z component, Eqs. 3 
and 4 can be combined to find: 
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for 
I =  1,2 

where G= 02/2, and K: = K; + i K , " .  The form of Eq. 28 for the 
magnetic field is useful since boundary conditions can be con- 
veniently incorporated during the finite element analysis. The 
boundary conditions from Eqs. 18 imply that the z component 
of the magnetic field and the d components of the electric field 
are continuous across the interface. Using Eq. 4 to relate the 
4 component of the electric field to the magnetic field, the 
boundary conditions are: 

The RBC on r2 is similar to the RBC for the TE' case which 
will be derived later. The solution to the magnetic field is 
obtained in an identical manner as the solution to the electric 
field for the TM' wave. Once the solution to H, is obtained 
the electric field components determined from Eq. 4 are: 

and 

If 

and H:,,= el+ iI&, then equating the real and imaginary 
components of Eq. 28 in dimensionless form: 

and 

where 

Equating the real and imaginary components of Eq. 29, the 
boundary conditions in dimensionless form are: 

(34) 

Equations 30 and 31 in dimensionless form are: 

and 

(35) 

where E,/H,= the free space wave impedance has been 
used. The power absorbed by the sample, medium 1 ,  from Eq. 
17 for the TE' case is: 

+ ( ; a 2 j 2 +  -- (y$)2] (37) 

Radiation boundary condition 
For a given incident plane wave on the sample some of the 

radiation is scattered and the rest absorbed. As mentioned 
earlier, the domain of such problems is unbounded and many 
methods have been devised to impose boundary conditions 
that minimize the domain of analysis. With regard to micro- 
wave heating, the absorbed field is of primary interest, and 
one seeks to minimize modeling the space around the sample. 
Perhaps the best formulation in this regard is the exact RBC 
developed by Keller and Givoli (1989) to study scattered field 
patterns. This boundary condition is imposed on the surface 
of the cylinder for samples with circular cross-section, and for 
other shapes the boundary condition is imposed on a cylindrical 
surface enclosing the sample. Further, this cylindrical surface 
can be placed as close to the sample as desired. Another ad- 
vantage of the RBC is the ease in which it can be incorporated 
into the finite element analysis. Here, the RBC is developed 
to include the incident field and is imposed on a cylindrical 
surface of radius R surrounding the object. The RBC is pre- 
sented here for the TM' polarization. The derivation for the 
TE' polarization is similar, except that the electric field is 
replaced by the magnetic field. To facilitate the derivation of 
the RBC in free space the incident plane wave is represented 
in p - 4 co-ordinates by means of a cylindrical wave transfor- 
mation (Balanis, 1989). For a e-""'time dependence the incident 
wave traveling in the x direction is: 

where J, (x)  is the nth-order Bessel function of the first kind, 
and k2 is the propagation constant in medium 2 (free space in 
our case). The outgoing scattered wave E/; is: 

where g : ) ( x )  = J n ( x )  + iY, ( x )  is the Hankel function of the 
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first kind, and Y,  is the nth-order Bessel function of the second 
kind (Abramowitz and Stegun, 1970). The total electric field 
E, exterior to the sample is obtained by superimposing the 
incident and scattered waves: 

Equation 40 written in dimensionless form is: 

m m 

where k: = k,R. The coefficients b, are determined by evalu- 
ating E:,2(r,q5) at r =  1 and using the orthogonality of the ei- 
genfunctions @': 

The RBC obtained at r =  1, by taking the derivative of E:,2 
with respect to r is: 

m n2n 

where the coefficients 

and 

and 

1/2, n=O; 
= 1, otherwise. 

1, n=O; 
e n =  [ = 2, otherwise, and 6,=  

The prime indicates differentiation w.r.t. the argument of the 
special functions, and so 

JL(k,')= -Jn+ i (k : )+  (n/k;)J,(k:);  (46) 

and 

Hd) ' (k ; )  = -Jn+ , (k ; )  + (n /k ; )J , (k ; )  

If the incident field is absent, Eq. 43 reduces to the form as 
derived by Keller and Givoli (1989). Since, E1,2 = E$ + iE:,2, 
then equating the real and imaginary parts of Eq. 43 the bound- 
ary condition at r =  1 is: 

1582 October 1992 

and 

+ g R e ( D . )  j2rE$( l ,4r)  cos n ( + - - $ ' ) d + '  
n = O  0 

+ ~ Z m ( D n ) ~ E ~ 2 ( 1 , + ' )  cos n(# -+ ' )d+ '  
n = O  0 

m n 2n 

Heat Equation 
The temperature of the sample exposed to radiation is de- 

termined by solving the heat conduction equation with the 
microwave power included as a heat source term. The sample 
is assumed to be homogeneous and isotropic, and moisture 
loss is neglected. The time-dependent energy equation govern- 
ing the temperature distribution in the region 8, is: 

where p ,  C,, and k are the material density, specific heat ca- 
pacity, and thermal conductivity, respectively. The microwave 
power, which is a function of the electric field distribution, 
depends on temperature due to the variation of dielectric prop- 
erties with temperature. At the boundaries of the sample, rl 
heat is lost to the surroundings by convection. The boundary 
condition here is: 

- n . k V  T= h ( T -  T,) (5 1) 

where n is the outward pointing unit normal on rl ,  Tm is the 
ambient temperature, and h is the heat-transfer coefficient. If 
pol C, and ko are reference thermal properties, then dividing 
Eq. 50 by ko and using the dimensionless variables: 

P T -  Tm 
r = R p  e=- To ' 

the transient heat conduction equation is: 
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where 

The boundary condition is: 

- n .kv *e  = BiO, (53) 

and the initial condition is: 

e(T=O)=O in 0,. (54) 

Exact Solutions for Electric Field 
Solutions for the electric field intensities in cylindrical sam- 

ples with constant properties are well known and are given 
below for both polarizations considered. The derivations are 
along the lines of the scattered field formulations for pure 
conductors given in Balanis (1989). The solutions are obtained 
by expanding the field both externally and internally in Bessel 
functions and deducing the expansion coefficients with ap- 
propriate boundary and interface conditions. 

Electric field for TMz  polarization 
Using the dimensionless variables: 

the electric field external to the sample in medium 2, free space, 
which is a linear combination of incident and scattered fields 
is: 

m 

El,2(r,q5) = x[EninJn(k;r) + b,J&')(k;r)] cos n4,  ( 5 5 )  
n = O  

where 

1, n = O ;  
En= [ = 2, otherwise. 

The field induced in the cylinder, medium 1 is: 

m 

El,, = DnJn ( k ; r )  cos nd. (56) 
" = O  

The boundary conditions at r =  1 are given by Eq. 20. Incor- 
porating the boundary conditions and equating coefficients in 
the expansions: 

Electric field for TEz polarization 
The solution for the TE' polarized wave consists of first 

obtaining the solution for the magnetic field in the sample. 
The electric field distribution is then deduced from Eqs. 35 
and 36. Using the dimensionless variables: 

fl --, Hz 1 r = -  P and k:=klR 
Ho R 

the magnetic field external to the sample in medium 2, free 
space, which is a linear combination of incident and scattered 
fields is: 

where 

1, n = O ;  
-- 2, otherwise. E n =  [ 

The field induced in the cylinder, medium 1 is: 

m e*, = xc ,J , , (k ; r )  cos n$. (59) 
n = O  

The boundary conditions at r =  1 are given by Eq. 29. Incor- 
porating the boundary conditions and equating coefficients in 
the expansions: 

With a knowledge of the magnetic field the electric field com- 
ponents are deduced from: 

and 

Once the electric field distribution is known, the power is 
deduced from Eq. 17 and the complex algebra is conveniently 
performed on the computer. Bessel functions were computed 
using the IMSL Special Functions library routines. 

Finite Element Analysis 
To deduce the transient temperature profiles in the samples 

exposed to plane waves the field and heat equations are dis- 
cretized using the Galerkin finite element method, and the 
resulting algebraic equations are solved using Newton's meth- 
ods. The Galerkin finite element method consists of expanding 
the unknown, u, in a finite element basis set I @ ) .  Thus, 

N 

u = f i =  >jw(r). 
j =  I 
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The error or residual, LG-f, is set orthogonal to the basis 
functions, that is 

for 

i =  1 ,  ..., N .  

Integrating by parts, and incorporating boundary and interface 
conditions, we obtain from Eq. 64 a set of differential algebraic 
equations whose solution yields the unknown coefficients y j  
of the expansion. 

Residual equations: TM polarization 

the electric field, and the temperature (0)  in the basis 3, 
Expanding the real (EC/) and imaginary components (E;,,) of 

k=  1 k=  1 

and 

the Galerkin finite element method yields the following residual 
equations for Eqs. 24, 25 and 52, respectively. 

k 1 a@ acpk 1 a@ aak 
ar ar P ar ar 

rdrd4 R!2)= = , . ' + I  j, [ 

For the field equations the weak forms for each of the domains 
Q, and Q2 are added, thereby satisfying the boundary conditions 
given by Eq. 26 on rl. For cylindrical samples the RBC is 
applied to the cylinder itself. The derivatives of the electric 
field in the surface integrals of Eqs. 66 and 67 are replaced by 
the expressions in Eqs. 48 and 49. In Eq. 68 an implicit back- 
ward difference is used to discretize the time domain resulting 
in an unconditionally stable algorithm. The thermal properties 
are assumed to be temperature-independent. The Newton- 
Raphson iterative procedure is used to solve for the electric 
field components and the temperature. At each time step the 
linear (3Nx 3 h 9  system solved is: 

where 
n = Newton iterate index 
t = time index 

where the Jacobian J consists of derivatives of the residuals 
with respect to the unknown coefficients, J l j =  aRi/auj, u is the 
vector of unknown coefficients, and Bn,'+l  is the update vector. 
The method is started with an initial guess and at each Newton 
iterate the solution is updated by u " + ~ " + ~  = Bn8'+ l  + un*'+' till 
convergence is reached. 

Residual equations: TE ' polarization 
The analysis for the case of the transverse electric wave 

follows in a similar manner. Here the Galerkin finite element 
method yields the following residual equations. Expanding the 
real (@) and imaginary components (hf) of the magnetic field, 
and the temperature (6) in the basis 3, 

N N 

and 

k = l  

the Galerkin finite element method yields the following residual 
equations for Eqs. 32, 33 and 52, respectively. 

k 
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The boundary integrals in Eqs. 71 and 72 are replaced by the 
same expressions developed for the TMz case. As in the pre- 
vious case the boundary conditions given by Eq. 34 are satisfied 
by adding the weak forms for the two regions 1 and 2. 

The finite element analysis for the electric field components 
Ezal and E:,, is outlined below. If E;,,=E&+ iE$,/ and 
E:r=Eflr + iE;?,, then the dimensionless equations for the efec- 
tric field components by equating the real and imaginary com- 
ponents from Eqs. 35 and 36 are: 

Using the expansions given in Eq. 70 and 

the Galerkin weak form for Eq. 74 is: 

(74) 

(77) 

(79) 

Once the magnetic field is known, the righthand side of Eq. 
79 can be evaluated and can be written as a set of linear 
algebraic equations: 

Figure 2. Example of meshes used in finite element 
analysis for the cylindrical and square Sam. 
pies. 

Au= f, 

where 

Uj = E;,j 

The other electric field components can be evaluated in a sim- 
ilar manner. The complex forms of Eqs. 35 and 36 could also 
have been used to evaluate the electric field. 

Discretization, integrations and convergence criterion 
The heating of samples of circular and square cross-section 

exposed to transverse magnetic and transverse electric plane 
waves were studied. Finite element meshes used for both ge- 
ometries are shown in Figure 2. 

Mesh numbering from the center outward was used in both 
cases. For the cylindrical sample the convection boundary con- 
dition for the heat equation, Eq. 52 and the RBCs are imposed 
on rl. In the case of the square sample the RBC is imposed 

The domain integrals in the residual equations are evaluated 
using nine node biquadratic basis functions by mapping the 
global element p - # domain isoparametrically onto the unit 
square .$ - 11 domain (Strang and Fix, 1973) using: 

on r2. 

where 0 I .$ I 1, 0 5 11 I 1 and @,{.$JJ) are the local biquadratic 
basis functions on the - 7 domain. For the case of the cy- 
lindrical sample collapsed elements are used where three nodes 
share the co-ordinates at the origin. 

The mesh design was such that elements could be added and 
removed depending on the nature of the solution. Figure 2b 
illustrates the mesh used for a large sample where the power 
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deposition is primarily at the incident face and at the sample 
corners. Typically 144 elements were used, and 95% of the 
time was spent solving the linear set of equations at each 
Newton iterate. For the cylindrical sample a banded solver was 
used, and for the square rod the LINPACK full solver was 
found to be faster than the YALE sparse matrix solver. How- 
ever, when the number of elements exceeded about 256, YALE 
performed better than LINPACK. Convergence for each New- 
ton step was based on the Oe2 norm of the residuals with a 
convergence criterion of To start the Newton scheme a 
very small time step, A t =  1 x s was used. After the first 
time step, the time step was increased to 5 - 10 s. 

Evaluation of global RBC 
As an example of how the RBC is incorporated in the anal- 

ysis, consider the surface integral in Eq. 66. Using the expres- 
sions for the radiation boundary condition, Eq. 48, with the 
finite element expansions for the real and imaginary electric 
field components and exchanging integration and summation 
signs the surface integral in Eq. 66 reduces to: 

I n 

where 

The integrals in Eq. 84 are evaluated analytically and the sum- 
mations over the index, n, are performed once for each com- 
putation. The other surface integrals are evaluated in a similar 
manner. 

Results and Discussion 
The accuracy of the numerical solution of Maxwell's equa- 

tions was tested with the analytical solution for the power in 
the cylindrical sample. Figure 3 illustrates the comparison for 
a 144-element mesh having equal spacing in the r and 0 direc- 
tion. The finite element solution is within 1 Vo of the analytical 
solution. For cases where the sample dimensions were large 
compared to the wavelength of radiation in the medium, 256 
elements were needed to achieve the same degree of accuracy. 
Figure 3 also illustrates the comparison of powers for the TE' 
case. Here the contours, though qualitatively accurate, are not 
as well resolved as in the previous case. The electric field values 
are obtained by the solution method outlined earlier. Though 
the magnetic field intensities were accurate to less than 1% 
when compared with the analytical solutions, the electric field 
values were within a few percent of the exact solution. This is 
due to the fact the the derivatives of the electric field are 

Finite Element Solution Analytical Solution 
Power, W/cm3 Power, W/cm3 

Figure 3. Comparison of microwave power from the fi- 
nite element solution to Maxwell's equations 
and the analytical solution for TM' and T f  
polarization. 
f=2 ,800MHz,  10=3  W.ctt-', ~ " = 1 3 . 1 ,  ~ ' = 4 2 . 6 .  

discontinuous across element boundaries for the biquadratic 
basis functions used. A similar situation arises when evaluating 
heat fluxes from temperature fields. Apart from serving as a 
test, this loss in accuracy does not effect the temperature con- 
tours as the derivatives of the magnetic field components are 
evaluated only at the Gauss points within each element while 
computing the integrals involving the power term in the TE' 
case. As a second check, the electric field values for both the 
TM' and TE' polarizations were compared with the finite 
difference time domain solutions of Maxwell's equations by 
Borup et al. (1987). The comparison was very good for both 
the polarizations. 

The intensity of the incident plane wave, lo, used in the 
simulation is 3 W ~ c m - ~  and is related to the incident electric 
field intensity E,, by: 

1 
cez: (85) 

A heat-transfer coefficient, h =  10 W-m-'.K-', was used for 
the calculations in Figures 5 and 8, and h = 0 was used for the 
other heat-transfer simulations. The Biot numbers correspond- 
ing to these values of h varied between 0 and 1. For this range 
of Biot numbers the effect of surface cooling was small. The 
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Power, W/cm3 

R=0.8cm 

R=l.6cm 

R=4cm 

Power, W/cm3 

Figure 4. Comparison of power contours for cylindrical 
and square rods exposed to TM' polarized 
plane waves. 
f=2,800 MHz, 10=3 W.crn-*, n"=13.1,  n'=42.6. 

ambient temperature was 300 K, and the sample was held at 
this temperature prior to exposure to microwaves. 

One of the factors of concern in microwave processing is 
the focusing of energy by corners and edges (Datta, 1990). 
Figure 4 compares power distributions for rods of square and 
cylindrical cross-sections. Material dielectric properties are 
those of raw beef (Ohlsson and Bengtsson, 1975). The fre- 
quency of the incident plane waves is 2,800 MHz, and at this 
frequency the variation of dielectric properties with temper- 
ature is small and has a negligible influence on heating (Ayappa 
et al., 1991). The wavelength of radiation (A,) in the sample 
is 1.621 cm, and the penetration depth is 1.717 cm. The location 
of maximum power peak in the cylindrical samples depends 
on the radius of the sample. 

For the R=0.8  cm sample the peak is seen closer to the 
incident face, and for the R = 1.6 cm sample the peak is shifted 
away from the incident face. In general for smaller samples 
the maximum value of power absorbed is higher, and for 
samples much smaller than the wavelength (not shown in the 
figure) the power distribution is uniform. For larger samples 
as in the case of the R = 4 cm cylinder the power decays from 
the incident face into the sample and no strong interference 
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Temperature, K 

40 330 

R=0.8cm 60s @ 

R=l.6cm 
60s 320 

Temperature, K 

Figure 5. Comparison of temperature contours for cy- 
lindrical and square rods whose power distri- 
butions are shown in Figure 4. 
k=0.491 W . r n - ' . K - ' , p =  1,070kg~m~'.C,=2,510J.kg~'~K-'. 

effects are observed. Here the sample diameter is about 4.75 
time the penetration depth. 

Kritikos and Schwan (1975) have studied the distribution of 
power in spheres exposed to plane waves. Maximum power 
was found to be absorbed inside the sphere or at the surface 
of the sphere depending on the magnitude of the wavelength 
and radius of the sphere. Unlike in the case of the cylinder, 
strong resonant conditions, during which power absorption 
was a maximum, was found for the spheres. 

The power distributions for the square samples whose sides 
are of length 2R make an interesting comparison with the 
cylindrical samples of the same diameter. The effect of the 
corners is more pronounced for the R = 1.6 and R = 4 cm sam- 
ples. For the larger samples microwaves penetrate about 1 to 
2 cm from the corners and is independent of the sample size. 
A similar trend was observed in the experiments performed by 
Risman et al. (1987) in a domestic oven. For the R = 0 . 8  cm 
sample, though power is being deposited at the corners, a 
significant amount is being absorbed at the sample center as 
well. For very small samples as in the case of the cylinder, the 
power distribution is uniform and both approach the same 
limit as the radius is decreased. Thus for samples whose di- 
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60s 

120s 

150s 

Power, W/cm3 Temperature 

Figure 6. Power and temperature distributions for a beef 
sample with temperature-dependent dielectric 
properties. 
See table for dielectric data (Ohlsson and Bengtsson, 1975). 
f=900 MHz, 10=3 W.cm-2, k=0.491 W.m- ' .K- ' ,  p=1,070 
kg.m-', Cp=2,510 J.kg-'.K-'. 

mensions are much smaller than the wavelength, corners have 
a negligible effect. 

For larger samples the microwave power deposited differs 
significantly for the two shapes. Figure 5 illustrates the tem- 
perature contours for the power distribution shown in Figure 
4. Qualitative aspect of the temperature contours follow from 
the power distributions. The edges for the R = 0.8 cm sample 
have a small effect on the temperature distribution and heating 
occurs in the sample interior as well. For the R = 1.6 cm sample 
most of heating occurs at the corners. The amount of power 
deposited at the corners and consequently the temperatures in 
the vicinity of the corners are independent of the dimensions 
of the samples shown in Figure 5 .  For the R = 4  cm sample, 
heating in the interior of the sample must take place mostly 
by conduction from the incident face, as the power is absorbed 
within the first few cms. In these situations, power cycling or 
sample rotation would help to smooth out hot spots and pro- 
duce a more even temperature distribution. 

The influence of temperature dependence of dielectric prop- 
erties is illustrated in Figures 6 and 7.  The temperature-de- 
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Power, W/cm3 Temperature, K 

Figure 7. Power and temperature distributions for Nylon 
66 illustrating a runaway effect. 
See table for dielectric data (Huang, 1976). 
f=3,000 MHz, 1,=3 W.cm-', k=0.43 W.m-' .K-' ,  p=1,200 
kg.rn-', C, = 520 J .  kg- ' .K- I. 

pendent properties used for Figure 6 are those for raw beef at 
900 Mhz (Ohlsson and Bengtsson, 1975). The data were fit to 
a polynomia1 using the method of least squares (Tables 1 and 
2). The primary effect due to the temperature dependence is 
the decreasing penetration depth as the sample heats. Power 
and temperature profiles are illustrated in Figure 6 at 60, 120 
and 150 s. At the onset of heating due to the higher penetration 
depth most of the power is deposited away from the incident 
face of the sample giving rise to a hot spot. Even though the 
dielectric loss increases with temperature, after 120 s the power 
deposited at the hot spot decreases and more power is absorbed 
at the incident face of the sample. The effect is stronger at 150 
s where the temperature rise at the hot spot is only 5 degrees 
in contrast to a 20 degree rise from 60 to 120 s. At 150 s due 
to the decreasing penetration depth, the incident face heats up 
much faster than the interior. Such nonlinear effects tend to 
smooth out the temperature in the sample as seen at 120 s. 

Figure 7 illustrates a runaway effect for Nylon 66 whose 
dielectric loss is a strong function of temperature, increasing 
rapidly around 400 K (Huang, 1976). In such situations a hot 
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Figure 8. Comparison of temperature contours for cy- 
lindrical and square rods exposed to TE' po- 
larized plane waves. 
f=2,800 MHz, 10=3 W.cm-2, ~ " = 1 3 . 1 ,  ~ ' = 4 2 . 6 ,  k=0.491 
W.rn- ' .K- ' ,  p=1,070 kg.m-', C,=2,510 J.kg-'.K-'. 

spot can easily become a runaway hot spot during microwave 
heating. Figure 7 shows the power and corresponding tem- 
perature profiles for a sample of radius 2.5 cm. A power peak 
is present at the end away from the incident face. During the 
first 2 min the power increases to about 0.6 W.cm--' creating 

Table 1. Dielectric Constant, K ' :  K '  =ao+alT+a2T '+a3T '. 
(T,  K) 

Material f (MHz) a,, 01 0 2  a3 

Raw Beef 900 82.23 -0.1059 
Nylon 3,000 16.727 -0.10279 2 .4192~  - 1 . 7 5 9 2 ~  lo-' 

2 mi 

1 mi .33 min 

.66 min 

Temperature, K 

Figure 9. Power and temperature distributions for Nylon 
66 illustrating the runaway heating effects for 
the case of TE' polarization. 
See table for dielectric data (Huang, 1976). 
f=3,000MHz, 10=3 W.cm-'. 

a hot spot. During the 3rd minute of heating the power ab- 
sorbed increases significantly and the temperature rises sharply. 

So far, all the results discussed have been for the TM' 
polarization where the electric field is polarized along the long 
axis of the sample. Results for the TE' polarization, where 
the magnetic field is polarized along the long axis of the sample, 
are discussed next. Here all the parameters are similar to those 
used for Figures 5 and 7.  Figure 8 shows the temperature 
patterns for the same sample used in the simulation of Figure 
5 .  Though the power contours are not shown for this case the 
temperature contours are in agreement with the nature of the 
power contours obtained analytically for the cylinder. Apart 
from the difference in the distribution of power, the temper- 
atures are much lower here for the same amount of heating. 
Thus the coupling with the fieid is less than in the case of TM' 
polarization. This difference in power absorption for the two 
polarizations has been studied by Massoudi et al. (1979) for 

Table 2. Dielectric Loss, N " ,  data (Ohlsson and Bengtsson, 1975): K "  = bo+ blT+ blT + b3T 3+ b4T '. (T, K) 

Material f ( M W  b0 bl b2 b3 b4 

Raw Beef 900 236.85 - 1.527 2.7271X 
Nylon 3,000 84.16 - 1.0011 4.4563 x lo-' - 8.8029 x 6.5208 x lo-' 
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cylindrical samples based on analytical solutions for the field. 
For cylindrical samples the induced field for the TEz  polari- 
zation is a function of the properties of the medium. The phi 
component of the electric field is continuous at the boundaries 
of the sample, but the radial component is reduced by the value 
proportional to the complex permittivity of the medium. In 
the case of the TMz wave, the electric field is continuous across 
the interface and therefore couples more effectively with the 
sample. Further, their results indicate that at lower frequencies 
for the same sample dimensions, the power absorption for the 
TM polarization increases monotonically as the frequency is 
decreased. This is somewhat similar to the situation in which 
the sample radius is decreased for a fixed frequency. The same 
trend was observed while reducing the sample thickness in this 
study. Johnson et al. (1979) have observed that for the TM' 
case their power absorbed is higher increasing for longer thin- 
ner objects and decreasing for shorter fatter objects. Also the 
corners focus heat but not to the same extent as in the case of 
the TM' wave. Figure 9 illustrates the runaway heating effect 
for the Nylon 66 sample. After the 12th min the sample tem- 
perature rises sharply by about 10 degrees for every 20 s. 
Contrast the heating rates with the TMz case. 

Conclusion 

strongly with the field giving a higher deposited power when 
compared with the TE' polarization. Further, the power de- 
posited for the TM' polarization is higher as the sample gets 
thinner and decreases for thicker samples. 
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Notation 
B = magnetic induction, Wb.m-' 
Bi = Biot number 
c = velocity of light, m-s - '  

C, = specific heat capacity, J .kg- ' .K- '  
D = electric displacement, C.m-' 
E = electric field intensity, V.m-' 
f = frequency of incident radiation, Hz 
h = heat-transfer coefficient, W .m-'.K-' 

H = magnetic field intensity, Ampsm-' 
J = current flux, Amp.m-' 
k = thermal conductivity, W.m-' .K- '  

ko = reference thermal conductivity, W .m-'.K-' 
ko = free space propagation constant, m-I 
p = microwave source term, ~ . m - ~  
P = dimensionless microwave source term 
r = dimensionless radial distance 

Using Galerkin finite elements we have predicted tempera- 
ture distributions of long lossy rods exposed to an incident 
plane wave. The method uses a radiation boundary condition 
imposed on a cylindrical boundary to contain the domain of 
the analysis. This technique minimizes the need to discretize 
the space surrounding the sample. Maxwell's equations and 
the heat equations are solved simultaneously on the same grid 
using the finite element method. The technique allows the 

R = radius of sample, m * = 
T = temperature, K 

To = 
T, = ambient temperature, K 
E' = dimensionless imaginary electric field component 
ER = dimensionless 

5 1 ~~z!~~~~z~~ ~ ~ ~ g ~ ~ l s ; ~ ~ ~ ~ ~ c ~ ~ ~ ~ ~ ~ ~ n e n t  

temperature, 

component 

analysis of materials with temperature-dependent properties in 
a straightforward manner, and the resulting nonlinear equa- 
tions are solved using Newton's iteration. The method facil- 
itates the incorporation of the RBC, and temperature 
distributions for both polarizations can be predicted. 

In the cylindrical samples the distribution of  power is a 
strong function of the cylinder radius. For smaller samples, 
the magnitude and location of the power peak vary with the 
radius of the cylinder. Focusing was found to be stronger for 
the TM' polarization than the TE ' polarization. In both cases, 
however, for thick cylinders, heating occurred primarily at the 
incident face. 

Comparison of samples of cylindrical and square cross-sec- 
tion indicates that the corners heat up rapidly, significantly 
altering the temperature distributions. This is pronounced if 
the sample dimension is large compared to the wavelength of 
radiation in the medium. In cases where uniformity of product 
temperature is of importance, this study indicates that corners 
and edges should be avoided or rounded off to minimize lo- 
calized heating. 

Temperature dependence of the dielectric properties alters 
the distribution of power as the sample heats. Heating is il- 
lustrated with materials whose decreasing penetration depth is 
the dominant effect and where the increasing dielectric loss 
leads to a runaway effect. 

In addition to sample dimensions and geometry, the polar- 
ization of the incident waves influences the temperature dis- 
tribution. For the TM' polarization, the sample couples 

Greek letters 
01 = phase constant, m-'  

(YO = reference thermal diffusivity, m'.s-' 
uo = free space phase constant, m-'  
P = attenuation constant, m- '  
y = dimensionless propagation constant 
t = permittivity, Faradem-' 

€7 = free space permittivity, Farad.m-' 
E = dielectric constant, Farad.m-' 

E "  = dielectric loss factor, Farad.m-' 
t*  = complex permittivity, Farad.m-' 

B = dimensionless temperature 
K =: relative permittivity 

K' = relative dielectric constant 
K "  = relative dielectric loss 
K* = complex relative permittivity 
X = wavelength, m 

A,,, = wavelength in the medium, m 
p = permeability, He.m-' 

PO = free space permeability, He.m-' 
p = density, kg.m-3 
p = radial distance 

po = reference density, kg-m-' 
u = electric conductivity, mh0.m-l 
7 = dimensionless time 
6 = basis functions 
w = angular frequency, Rad.s-' 

SU bscripts 
1 = layer 

1590 October 1992 Vol. 38, No. 10 AIChE Journal 



Superscripts 
n = Newton iterate index 
I = imaginary field quantity 

R = real field quantity 
t = time index 
* = dimensionless quantity 
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